Abstract. In this paper, we introduce and study the rings of Gorenstein homological dimensions small or equal than 1, which we call Gorenstein (semi)hereditary rings, specially particular cases of these rings, which we call strongly Gorenstein (semi)hereditary rings.
Introduction
Throughout this paper, all rings are commutative with identity element, and all modules are unital.
Setup and Notation
: Let R be a ring, and let M be an R-module. As usual we use pd R (M), id R (M) and f d R (M) to denote, respectively, the classical projective, injective and flat dimensions of M. By gldim(R) and wdim(R) we denote, respectively, the classical global and weak dimensions of R. It is by now a well-established fact that even if R to be non-Noetherian, there exists Gorenstein projective, injective and flat dimensions of M, which are usually denoted by Gpd R (M), Gid R (M) and G f d R (M), respectively. Some references are [2, 3, 8, 9, 11, 12, 14, 16] .
Recently in [3] , the authors started the study of global Gorenstein dimensions of rings, which are called, for a commutative ring R, Gorenstein global projective, injective, and weak dimensions of R, denoted by GPD(R), GID(R), and G.wdim(R), respectively; and respectively, defined as follows:
wdim(R) = sup{G f d R (M) | M R − module}

They proved that, for any ring R, G.wdim(R) ≤ GID(R) = GPD(R) ([3, Theorem 1.1 and Corollary 1.2(1)]). So, according to the terminology of the classical theory of homological dimensions of rings, the common value of GPD(R) and GID(R) is called Gorenstein global dimension of R, and denoted by G.gldim(R).
They also proved that the Gorenstein global and weak dimensions are refinement of the classical global and weak dimensions of rings. That is : G.gldim(R) ≤ gldim(R) and
G.wdim(R) ≤ wdim(R) with equality if wdim(R) is finite ([3, Corollary 1.2(2 and 3)]).
In [2] , the authors studied particular cases of Gorenstein projective, injective and flat modules which they call strongly Gorenstein projective, injective and flat modules respectively, and defined as follows: Definitions 1.1.
(1) A module M is said to be strongly Gorenstein projective (S G-projective for short), if there exists an exact sequence of projective modules of the form:
such that M Im ( f ) and such that Hom(−, P) leaves the sequence P exact whenever P is projective. The exact sequence P is called a strongly complete projective resolution. (2) The strongly Gorenstein injective modules are defined dually. (3) A module M is said to be strongly Gorenstein flat (S G-flat for short), if there exists an exact sequence of flat module of the form:
such that M Im ( f ) and such that − ⊗ I leaves F exact whenever I is injective. The exact sequence F is called a strongly complete flat resolution.
The principal role of the strongly Gorenstein projective and injective modules is to give a simple characterization of Gorenstein projective and injective modules, respectively, as follows: In this paper, we often use the following Lemma: Lemma 1.4. Consider the following diagram of modules aver a ring R.
where M is a Gorenstein projective module, P and Q are projective and ι and j are the canonical injection and projection respectively. Then, there is a morphism γ : P → Q ⊕ Q which complete (⋆) and make it commutative.
Proof. If we apply the functor Hom(−, Q) to the short exact sequence
we obtain the short exact sequence:
On the other hand, u ∈ Hom(M, Q). Then, from the exactness of ( * * ), there is a morphism υ : P → Q such that υ • α = u. Consequently, we can verify that the morphism γ : P → Q ⊕ Q defined by γ(p) := (υ(p), u • β(p)) whenever p ∈ P is the desired morphism.
Dually, we obtain easily the injective version of Lemma 1.4.
In section 2 and 3, motived by the important role of the rings of global and weak dimensions smaller or equal to one in several areas of algebra, we study the rings of Gorenstein homological dimensions smaller or equal to one which we call, by analogy to the classical ones, Gorenstein hereditary, semihereditary rings, specially particular cases of these rings which we call strongly Gorenstein hereditary, semihereditary rings.
On (strongly) Gorenstein hereditary rings
The aim of this section is to characterize the rings of Gorenstein global dimension smaller or equal than 1, specially a particular case of them over which every Gorenstein projective module is strongly Gorenstein projective. 
Proof. All no obvious implications follow immediately from [3, Theorem The main result, in this section, is the following characterization of the S G-hereditary rings. 
Theorem 2.4. Let R be a ring. The following assertions are equivalent: (1) R is S G-hereditary. (2) For every R-module M, there exists a short exact sequence:
where id R (E) ≤ 1, and for every injective module I there is an integer i
Assume (1) and we claim (2) . Let M be an arbitrary R-module. Pick a short exact sequence 0 → G → Q → M → 0 where Q is a projective module. The module G is immediately strongly Gorenstein projective by the hypothesis conditions. Hence, from [2, Proposition 2.9], there exists a short exact sequence 0 → G → P → G → 0 where P is projective. Consider the following diagram:
By Lemma 1.4, the above diagram can be completed and so applying the Snake Lemma and the fact that M coker(G → Q), we can construct a short exact sequence 0
Thus, we have the desired short exact sequence. Furthermore, since G.gldim(R) ≤ 1, for any module M and any projective module P we have Ext i (M, P) = 0 for any integer i > 1. 2 ⇒ 1. Assume the second assertion and let M be a submodule of a projective R-module P. We claim that M is strongly Gorenstein projective. Applying the hypothesis conditions to the module P/M, there exists a short exact sequence
where pd R (Q) ≤ 1. Now, consider the following diagram with exact rows and columns:
From the middle vertical short exact sequence, we deduce that X is projective. Moreover, by the hypothesis conditions again (applying to the module M), for every projective module F there is an integer i > 1 such that Ext
M is an S G-projective module, as desired.
1 ⇒ 3. Using the dual of the results in the proof of the implication 1 ⇒ 2, the proof of the present implication is similar to the one of 1 ⇒ 2.
3 ⇒ 1. Assume (3) . By a dual argument to the one of the first part of the implication 2 ⇒ 1 we can prove that I/M is a strongly Gorenstein injective module for an arbitrary module M and an injective module I which contains M. Hence, Gid(M) ≤ 1. Consequently, by [ It's well-known that the hereditary rings (resp. Dedekind domains) are coherent (resp. Noetherian). Now, it is natural to ask what about the G-hereditary rings. Now, we can give an affirmative answer just in the strongly Gorenstein hereditary case.
. (3) For every R-module M, there exists a short exact sequence
0 −→ M −→ E −→ M −→ 0 such that id R (E) ≤ 1.
Theorem 2.6.
(
1) Every S G-hereditary ring is coherent. (2) Every coherent G-Dedekind domain, in particular every S G-Dedekind domain, is
Noetherian.
Proof of Theorem 2.6. (1) Assume that R is an S G-hereditary ring and let I be a finitely generated ideal of R. Then, I is an S G-projective R-module, since I is a submodule of the projective R-module R. Therefore, I is a finitely presented R-module (by [2, Theorem 3.9]). So, R is coherent, as desired. 
In what follows we give an example of non G-semisimple S G-hereditary ring and a G-hereditary ring which is not S G-hereditary. Example 2.9. Consider a non-semisimple quasi-Frobenius rings
where K is a field, and a non-Noetherian hereditary ring S . Then,
(1) R × S is a strongly Gorenstein hereditary ring which is not hereditary.
(2) R ′ × S is a Gorenstein hereditary ring which is not strongly Gorenstein hereditary.
Proof. From [4, Example 3.4], the rings R × S and R ′ × S are both Gorenstein hereditary rings with infinite weak dimension.
(1) We have to prove that R × S is strongly Gorenstein hereditary. From Proposition 2.7, it remains to prove that every Gorenstein projective module is strongly Gorenstein projective. Let M be a Gorenstein projective R × S -module. We claim that M is an S G-projective module. We have the isomorphism of R × S -modules:
where M 1 = M ⊗ R×S R and M 2 = M ⊗ R×S S (for more details see [6, p.102] M 2 ) is a G-projective R-module (resp. S -module). Then, since R is strongly Gorenstein semisimple and S is hereditary, M 1 (resp. M 2 ) is an S G-projective R-module (resp. S -module) (precisely M 2 is a projective S -module). On the other hand, the family {R, S } of rings satisfies the conditions of [ 
On (strongly) Gorenstein semihereditary rings
The aim of this section is to characterize the rings of Gorenstein weak dimension smaller or equal than 1, specially a particular case of them over which every Gorenstein flat module is strongly Gorenstein flat. Recall that we say that an R-module M has FP-injective dimension at most n (for some n ≥ 0) over a ring R, denoted by FP − id R (M) ≤ n, if Ext n+1 R (P, M) = 0 for all finitely presented R-modules P. Recall also that R is called n − FC (for some n ≥ 0), if it is coherent and it has self-FP-injective dimension at most n (i.e., FP − id R (R) ≤ n). Now, we give a characterization of the G-semihereditary rings. (1) ⇒ (3). Follows from [7, Theorem 7] . Now, we give the main two results in this section.
Theorem 3.4. Let R be a ring such that every direct limit of S G-flat R-modules is S G-flat. Then, the following statements are equivalent: (1) R is S G-semihereditary. (2) Every finitely generated submodule of a projective module is S G-projective.
Proof. We assume that R is an S G-semihereditary ring and let M be a finitely generated submodule of a projective module P. Then, M is a finitely presented S G-flat module (since R is S G-semihereditary and R is coherent , there is a direct system (L i , ϕ i, j ) i∈I of finitely generated free R-modules
where S is the submodule generated by all elements λ j • ϕ i, j (a i ) − λ i (a i ), where a i ∈ L i and i ≤ j, and for each i ∈ I the homomorphism λ i is the injection of L i into the sum ⊕L i (for more details see [1, pages 32, 33 and 34]).
We can identify M to a submodule of ⊕L i S and we consider an R-module A and an homomorphism α of R-modules such that the short sequence of R-modules
Thus, we deduce that
Consequently, for i ≤ j, we have A i ⊆ A j . So, we conclude that
On the other hand, for every i ∈ I,
Conversely, for each x ∈ A, there exists y ∈ ⊕L i S such that α(y) = x. We have y =
such that x i = 0 except for a finite elements of I. Then,
. Thus, we conclude that:
More thus, the following diagram:
where µ i, j is the embedding of A i in A j , is commutative. So, the short sequence of direct system over I induced from (⋆) : 
Theorem 3.5. Let R be a ring such that every G-flat module is S G-flat. Then, R is S Gsemihereditary if, and only if, every finitely generated ideal is S G-projective.
Proof. We assume that R is S G-semihereditary and let I be a finitely generated ideal of R. Then, I is a finitely presented S G-flat R-module (since R is coherent). Thus, by [2, Proposition 3.9] , I is S G-projective.
Conversely, we assume that every finitely generated ideal of R is S G-projective and every G-flat module is S G-flat. It is clear that R is coherent (by [2, Proposition 3.9], we deduce that every finitely generated ideal is finitely presented G-flat). We have also that G f d(R/I) ≤ 1 for every finitely generated ideal I. Then, for every injective module E we have T or 2 (E, R/I) = 0 (by [16, Theorem 3.14] 
